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Abstract. In this paper, we define a new bigraded L-homology on finite simpicial complexes and prove that 
L-homology is a homeomorphism invariant of polyhedra. 

The following definition is a brief review of finite simplicial complex theory. 

Definition 1 A (finite, abstract) simplicial complex if with vertex set S is a set of subsets of the finite 
set S satisfying the following two conditions. 

1) <f> € if and for all s G S, {s} G if. 

2) If a e if and t C a, then t G if. 

An element a of if is called an n-simplex of if if a has n+1 vertices of S and \a\ = n is the dimension of 
a. Specifically, the empty simplex <p has dimension — 1. A face of a simplex a is a subset r G a. A proper face 
is a proper subset. A simplicial subcomplex L of if is a subset L C if such that L is also a simplicial complex. 
For a simplex a of if, the link of a is the simplicial subcomplex link^ cr = {r G if | cUr G if, erRr = cf>}. 

For two simplicial complexes if and L, their union is the simplicial complex K * L = {<jUt | a€K, t<eL} 
(U is the disjoint union). The cone CK is the union of if and the simplicial complex with only one vertex v. 

For two simplicial complexes if and L with respectively vertex set S and T, their Cartesian product is the 
simplicial complex KxL with vertex set SxT defined as follows. Give S and T an order. For two non-empty 
simplexes cr={vi, ■ ■ ■ ,v m } G K and t—{w\, ■ ■ ■ ,w n } G L such that vi< ■ ■ ■ <v m and wi< ■ ■ ■ <W n , erxr is 
the set of subsets of axr of the form {(vi 1 , Wj^, • • • , [vi s , Wj s )} such that ii^ ■ ■ ■ and ji^ • ■ • ^j s - Then 
KxL = {(/)} D a eK,TeL,a,T^<p crXT. Notice that by definition, if one of K and L is the empty set {</>}, then 
KxL = {(/>}. 

For simplicial complexes K and L with respectively vertex set S and T, a simplicial map / : K — » L is a 
map / : S* — >• T such that for all u G K , /(c) 6L. if is simplicial isomorphic to L if there are simplicial maps 
/ : if — » L and g: L — ► if such that /<? = 1^ and gf = Ik (^k and 1_l denote the identity map). 

In the following definition, we do not use the definition of dual complex of a chain complex and regard 
the two complexes as the same chain group with different differentials d and 6. This technique is essential for 
the definition of L-spectral sequence and L-homology. 

Definition 2 Let if be a simplicial complex with vertex set S. Ck(K) is the Abellian group generated 
by all ordered sequence [vo, Wi, • • • , ffc] of elements of 5 modular the following zero relations, [vo, • • • , Ufe] = 
if Vi — Vj for some i ^ j. If there is no repetition in [vo, ■ ■ ■ , Vk], then [vo, ■ ■ ■ , Vk] = if {vq, •••,%} G" if 
and [• • ■ ,Vi, ■ ■ • ,Vj, • ■ ■] = — [■ ■ • ,Vj, ■ ■ ■ , Vi, ■ ■ ■] (the omitted part unchanged) for all i < j. Denote the 
unique generator of C_i(if) by []. [vq, ■ ■ -,Vk] (including []) is called a chain simplex of if of dimension k. 
C»(if ) = ©fc^oCfc(if ) and C*(K) — ®k^-iCk{K) are respectively the chain group and augmented chain group 
of if. 

Two differentials d: Cfe(if) — > Ck-i(K) and S: Cfe(if) — >• Cfc+i(if) arc defined as follows. For any chain 
simplex [vq, ■ ■ ■ ,Vk] G Cfc(if) (ii means canceling the symbol from the term), 

d[v ,--- ,Vk] = Yl. n (- 1 ) l bo,--- ,Vi,--- >"t] (d[v ] = []), 

8[v ,--- ,Vk] = V [v,v ,--- ,v n ] (S([}) = V \v}). 
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H*(K) = H*(C*(K),d) and H*(K) = H*{C*(K),5) are respectively the homology and cohomology of K; 
H*(K) = H*{C*{K),d) and H*{K) = H*(C*(K),5) are respectively the reduced homology and cohomology of 
K. For an Abellian group G, H*(K; G) = H*(C*(K)®G, d) and H*(K; G) = H*(C*(K)®G, 6) arejespectively 
the homology and cohomology of if over G; H*{K;G) = H*(C*{K)®G,d) and H*(K;G) = H* (C *(K)®G , 6) 
are respectively the reduced homology and cohomology of K over G. 

Convention Notice the difference between simplex and chain simplex. For two simplexes a and r, aDr 
and cUr are naturally defined. But for two chain simplexes a and t, aCvr and erUr are not naturally defined. 
We need only the definition of union of chain simplexes in later proofs. For two chain simplexes a = [vo, ■ ■ -, v m ] 
and t — [wq , • • • , w n ] , define ctUt = [vo , ■ ■ ■ , v m , Wo , ■ • •, w n ] and rUer = [too > ■ ■ '> w n , vo , • • • , %] ■ A chain simplex 
corresponds to a unique simplex consisting of all the vertices of the chain simplex. If there is no confusion, we 
use the same symbol to denote both the chain simplex and the simplex it corresponds to. So a chain simplex 
a € K implies the corresponding simplex in K and for two chain simplexes a and t, a C r and erRr = 
implies the corresponding simplexes satisfy the condition. Since we only use the union aUr of chain simplexes 
when aCir = </>, ctUt and tUct are chain simplexes that differ only up to sign. 

Definition 3 For a simplicial complex K, the double complex (T* it (K),d) 

^3,3 • • • 
d 4 

T2.2 — > 72,3 
d 4 d 4 

T M A T 1>2 4 T li3 ••• 

d 4 d \- d -I' 

Tofl — > To,! — > To ; 2 — > To^3 

is defined as follows. T*^{K) is the subgroup of C*(.K')®C*(.K' ) generated by all tensor product of chain 
simplexes a®T such that cCr and d: T s ^ t — > T s -i,t®T s ,t+i is defined by d(a®r) = {d(j)®T+{—l)^a®{5T). In 
another word, (T* t *{K),d) is the double subcomplex of (C*(K), d)®(C*(K), S) generated by all tensor product 
of chain simplexes cr®r such that ctCt. The L-spectral sequence {L r s t (K), d r } of if is induced by the horizontal 
filtration L n = ® s ^ n T s ,* with d r : L r s t — > L r s _ r t _ r+1 . L\ {K) is simply denoted by L* ; *(if ). L 2 s t (K) denoted 
by LH st (K) is called the L-homology of K. For an Abellian group G, define T* t *(K;G) = T*,*(K)®G 
and we have similar definition of L-spcctral sequence L r st (K;G), L*^(K;G) — L\ t (K;G) and L-homology 
LH^(K; G) = Ll ^K- G) of K over G. 

Similarly, the augmented double complex (T*^(K), d) 



Ti,i 
d 4 

To,o To ; i 

d 4 d 4 

A f_i, 4 f_i,i 

is the double subcomplex of (G*(if), d)®(C*(K), 8) generated by all product of chain simplexes a®T such 
that cr C t. The reduced L-spcctral sequence {L r s t (K), d r } of K is induced by the horizontal filtration 
L n = ®s^ n T s ,* with d r : U s t -> L r s _ rt _ r+1 . L\ f {K) is simply denoted by L* ; *(if). L 2 s t {K) denoted by 
LH s j{K) is called the reduced L-homology of K. For an Abellian group G, define T*^(K; G) = T*^(K)®G 
and we have similar definition of reduced L-spectral sequence L r st (K; G), L« j »(L'; G) = L\ *(K; G) and reduced 
L-homology LH^{K; G) = Ll^(K; G) of K over G. 

Theorem 4 Let if be a simplicial complex and G be an Abellian group. The reduced L-spectral sequence 
of K overG satisfies that 

L Bta+t+1 (K;G) = ®\<,\=,H t (]mk K a;G), (L^(K ; G), ft) = (e„e*- ^(link^; G), 
with 9i on the right side defined as follows. Denote xGi?*(linkx<T; G) by \x\ a in © CT gx ii*(link^<7; G), then 
9i([x]<t) = X)™=o[' ! /'CT i ( x )]o-ii where a — {vq, ■ ■ -,v n }, <Ji = cr— {vi} and tp^.* is defined as follows. The group 
homomorphism tj}"* : G»(link^CT; G) — > G» + i(linkxcri; G) is defined by ^(t) = rU[wi] for all chain simplexes 
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t 6 linkxcr. It is obvious that ip% 1 is a cochain complex homomorphism and ip^ — (ip^*)* is the induced 
cohomology homomorphism. 

The L-spectral sequence of K over G satisfies that 

L S;S+t+1 (^;G) = e| CT | =s #*(link^a;G), (L^{K;G),&i) = {®a^K,a^4> H*(lmk K a; G),di), 
with d\ on the right side defined as follows. For x € H* (Irnkxcr] G), di([x] a ) is just the same as the reduced 
case if \a\>0 and di([x] a ) = if |ct|=0. 

For any n>0, there is an exact sequence 

-> LH 0: n(K; G) -> LH^ n {K- G) -> #"(AT; G) -> LH_ hn (K; G) -> 0, 

and LH s , n (K;G) = LH StTl (K; G) if s>0. 

Proof T U ^ V (K) is generated by product of chain simplexes a® a' such that <r C cr', |<r| = u, |cr'| = u. 
Equivalently, T S)S +t+i(X) is generated by all product of chain simplexes ct(8)(tUct) such that crDr = 
| cr | = s, |t| = t. So the correspondence <7<8>(tU<t) — >• [r] CT induces a graded group isomorphism g: T* >t (K) 
® aeK C*{link K a). Define d on the latter group by <9([t] ct ) = fr)k + [5(t)] ct . Suppose 

cr = [u , • • •, v n ] and r = [w , ■ ■ ■, w m ]. Then 

gd([v , ■ ■ -.uj^h, • • -,w m ,v ,- • ;v n ]) 

}eIink /f ff(-l) n bo, • • • i Wo, • • • ,W m ,VQ,--- ,V n ]) 

= S" =0 [w ,--- ,Wn,Vi]{ Vo ,... ti , it ... tVn } + (-l) n [6([w ,--- ,W m ])]{ VOt ... tVn y 
= 8([W , ■ ■ ■ ,W m ]{v ,-,v n }) 

= dg([v , ■ ■ ;V n ]®[wo, ■ ■ ;w m ,v , ■ ■ -,v n }). 

So g is a well-defined double complex isomorphism that induces a spectral sequence isomorphism with E^-term 
isomorphism stated in the theorem. 

Define trivial double complex U^{K; G) by U- ht (K; G) = L_ ht (K; G) = H*(K; G) and U s , t (K; G) = 
if s^O. Then is a subcomplex of (L* ,*,<9i) and the quotient complex is just (L*^, <9i). So from the long 
exact sequence induced by the short exact sequence — > — > L* >t — > L*,* — > we get the relation between 
the reduced L-homology and L-homology. 

From the proof of the above theorem we know that there are two ways to describe the structure of 
(T* t *(K; G),d). One way is to denote the generators by a<E)<j' with d(am') = (da)®<j' + {-l) lal <T®(5<7'). The 

other is to denote the generators by [r] CT (t G link^cr) with 9([r] CT ) = X^LJV'ct 4 { T )](n + ( — l)'" 7 ' [^( T )]o-- We 
have to use both in later proofs. But we only denote the generators of (L ti *(K;G),di) in one way, i.e., [x) a 
with x £ H*(linkK<J' 1 G) and <9i([a;] CT ) = X^qEV'ct 4 i x )]<rt — Y^i=o[ x ^\Pi^<n- The reduced case is the same. 

Remark We can similarly define U Sjt {K) = C s {K)®Ct{K c ) generated by all a®T with a e K and 
t (jL K such that a C r and d{a®T) — {da)®T + (— 1)I°'I<7<S>(c't). Then the i?-spectral sequence of K 
{Rp t (K),d r } induced by the vertical filtration R n = © s j»„£/*, s satisfies R\'*{K) = ® a (j(KH*{K\ a ), where 
K\„ = {teK I tCct}. But i?-homology RH S ^{K; G) = R2 (AT; G) is neither a homeomorphism or homotopy 
invariant of A nor a homeomorphism or homotopy invariant of the Alexander dual A* of A. 

Definition 5 For an Abellian group G, a simplicial complex A is of essential cohomology dimension n 
(n>0) over G if for all non-empty simplex cr of A, H t (link^ cr; G) = for all t ^ n— \a\— 1. 

Theorem 6 Let AT be a simplicial complex of essential cohomology dimension n over G. Then for all 
(Ks<n, LH s . n {K-G) = LH_ hn _ s (K;G) = H n - S (K;G), LH n ^ n (K; G) = G and LH. tt (K;G) = otherwise. 

Proof By definition, Z_ M (A;G) = H°(K;G) for alHKssCn and L Jtt (K;G) = if -1 or t + n. So 
the reduced L-spectral sequence satisfies L S +^{K;G) = L s . n (K;G) and L s +^ n _ s {K; G) = L s j 1 1 n _ s (K; G) for 
all 0<s^n. From the vertical filtration Ej. = (Bt^kT*j(K;G) we get a spectral sequence E r st k with E% # # = 
e^eif A 7 *(2 CT ; G) = #*(2^; G) = G (2 CT as defined in the following Example 7). So H*(f^(K; G),d) = G with 
the generator class represented by Y aeK {— l)^^a®a. So the reduced L-spectral sequence converges to G and 
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d s+ i : L Sj „(A;G) — > L_i >n _ s (A;G) is an isomorphism for all 0^s<n and d n+ \ : L n , n (K;G) — > L_i t o(K;G) 
is an epimorphism with kernel G. 

Example 7 For a set a — {vo,--- ,v n }, 2 CT is the simplicial complex consisting of all subsets of a 
and da is the simplicial complex consisting of all proper subsets of a. By Theorem 4, LH n:n (2 a ;G) = 
H^ 1 (link2°- a; G) = H^ 1 ({(f)}] G) = G with generator class represented by and LLf Sjt (2° ;G) — oth- 
erwise. For all r G da, linker = d(a— r). So for n ^ 2, <9er is of essential cohomology dimension n— 1. 
By Theorem 6, LH n ^i_ n ^ 1 (da;G) = G and LH S:t (da;G) = otherwise. A direct checking shows that the 
reduced L-homology formula holds for all n>0 and the generator class of LH n ^\, n ^\(da; G) is represented in 
£n-i,n-i(<9cr;G) by YJi=oW\<yi with a t = a-{vi}. 

Definition 8 The geometrical realization of a simplicial complex A is the topological space A defined 
as follows. Suppose the vertex set S = {vi, ■ ■ ■ ,v m }. Let a G M m be such that the i-th coordinate of a is 
1 and all other coordinates of ej are 0. Then \K\ is the union of all the convex hull of ej , • • • , e$ a such that 
{vi ,■■ ■ , Vi 3 } is a simplex of A. The convex hull of , • • • , e.i g is a geometrical s-simplex of \K |. A polyhedron 
A is a topological space that is homeomorphic to the geometrical realization |A| of a simplicial complex A 
and A is a triangulation of A. 

From Example 7 we know that LiA,*(A; G) and LH^^(K; G) are not homotopy invariant of the polyhe- 
dron |A| since \2 a \ is contractible but LH*^(2 a ; G) 7^ LH tt ^(2 T ; G) when \a\ ^ |t|. In fact, simplicial maps do 
not induce (reduced) L-homology homomorphisms. However, LA*,* and LA*,* are homeomorphism invariant 
of polyhedra. 

Definition 9 Let A be a simplicial complex. A stellar subdivision of A on the simplex a is the simplicial 
complex S a (K) defined as follows. If a — <f>, then S#(K) = A. If \a\ = 0, then S a (K) is simplicial isomorphic 
to A by replacing the unique vertex w of a by a new vertex v. If \a\ > 0, then the vertex set of Scr{K) is the 
vertex set of A added with a new vertex v and (da is as defined in Example 7) 

S a (K) = (A-{er}*link 7< cr) U G(<9cr*link A 'er) = {tG A| a(tr} U {{w}Ucr'Ur | a' G da, TGlink K er}. 

Suppose the vertex set of A is {«!,••• ,v m } and a = {vi ,--- ,Vi s } G A. Then the map /(e^) = e-i 
for i = 1, • • • , to, /(e m +i) = jtj (ej + • • • +e, s ) extends linearly to a homeomorphism from \S a (K)\ to |A|. 
Conversely by [jQ and |19j . two polyhedra |A| and |L| are homeomorphic if and only if there are simplicial 
complexes Ao = A, K\, ■ ■ ■ , A n , K n+ i = L such that for every i = 0, ■ • • , n, either A^+i is a stellar subdivision 
of Ki, or Ki is a stellar subdivision of Ki+i. 

Theorem 10 Let A be a simplicial complex and G be an Abellian group. Then for any simplex a 
of A, LH*,*(K;G) = LH^(S a (K);G) and L£T*,»(A;G) = LH^*(S a (K);G). Thus for a polyhedron A, 
define LH^(X;G) = LH^(K;G) and LH*^(X;G) = LH* t *(K;G) for any triangulation A of A. Then 
LA** (A; G) and LA?* * (A; G) are independent of the triangulation and are homeomorphism invariants of A. 

Proof We first prove the reduced case. If \a\ ^ 0, the conclusion holds by definition. Suppose a = 
{vq,--- ,v n } (= [vo,--- ,v n ] when necessary) with n>0. Denote L = S a (K). 

Let M = AflL be the simplicial subcomplex of A and L consisting of all simplexes r such that aDr 
is a proper face of a. Let T*^(K\ M ) and T» ,*(L| M ) be respectively the subgroup of T r ^(K) and T^fX) 
generated by all tensor product of chain simplexes a®r such that ctGM and aCr. Then (T»^(A|m), d) and 
(T^^L^/), <9) are respectively double subcomplexes of (T r ^(K),d) and (T„^(L),d) generated by all tensor 
product of chain simplexes a®r such that a G M . From the horizontal filtration we get reduced L-spectral se- 
quences L r s t (K\M',G) and L r s ( (L|m;G) and reduced L-homology LH s ^(K\m',G) and LH Stt (L\M',G). Define 
(T*,*(K/M),d) = (f^(K),d)l(T^(K\ M ),d) and (f^(L/M\d) = (T* t *(L),d)/jT*,*(L\ M ),d). From the 
horizontal filtration we also get reduced L-spectral sequences L r s t (K/M;G) and L r st (L/M;G) and reduced 

L-homology LH s j(K/M; G) and LH Stt (L/M; G). We have the following two short exact sequences of double 
complexes 

L*,*(A|m;G) -> L* !>t (A;G) -> L^(K/M;G) -> 

L^(L| M ;G) -»■ L*,*(L;G) L^(L/M;G) -> 

For all simplex r G M, linker = 5 CT _ r (linker) and let / T : linker — ^ link^-T be the simplicial map 
defined by f T (v) = v s for a fixed v s G cr— r and f T (w) = w for all other w (f T is the identity map if 
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a— t = <p). Then f T induces a homomorphism f T : (C*(linkxT; G), 8) — > (G*(link£-r; G), 8) and an isomorphism 
f* : H* (linker) — > H* (linker). Theorem 4 also holds for K\m and L|m- Precisely, we have two isomorphisms 

{f^(K\ M ;G),d) = (e reM a (linker; G), d) {T^(L\ M ;G),d) = (© TeM G*(link L r; G), 5) 
with 9([?7] r ) = (— 1) t [<5(?7)]t + SJ^^I^lln f°r au chain simplex r\ G linker or linker and = r—{wi\. 
zu' = ® T eM./r is a graded group isomorphism between the two double complexes. To prove zu'd — dvj' , wc 
may suppose r = {v Sl ••-,«„, w„+i, • • •, v n +t} and / T (u) = fi- Denote Tj = r— Then for a chain simplex 
1] G linker such that cr— r is not a proper face of ij, f T (r/) = rj and 'ipl i f T (r]) = /^^(rj) = ^(-q). For 
f] G linker such that i] = [vi, ■• -jUg-i,^, •• -,v iu ] (lj >n+t), ^?fr(v) = Vr ([v, v 2 r ■ j ^-i^fi , • • •, u ; J) = 

[w,W 2 ,---,W s -l,Wi 1 ,---,W( ll ,W l ] = / T ([«iy,U s _l, U^, Ui]) = f T ll>?(v)- Thus V't/t = /rV'r ■ Since /r 

is induced by simplicial map, 5/ T = / r <5. So w'd = dm' and tn' is a double complex homomorphism from 
(T*^(K\m~, G), d) to (T^^(L\m; G), d). Since /* is an isomorphism for all r £ M, tzji = ©t^m/* is a double 
complex isomorphism from (L* i *(ii'|M; G), 9i) to (L*,*(L|m; G), <9i). 

Denote £> = link^c. Then for r G L? and cr' G <9<r (<9cr as defined in Example 7), 
linkft-crUT = linker, linkL{w}Ucr'Ur = (link^cr') * (linksr). 
The two simplicial isomorphisms implies two isomorphisms Q\ : (T n+ * in+ *(K/M),d) — > (T*^(B),d) and 
Q2 - (f, + i i , + i(L/M),a) -> (T,^(9a),9) ® (^(B), 5) defined as follows. f^(K/M) is generated by all 
tensor product of chain simplexes tUct ® r/UTUcr such that r G £> and 77 G linker. So the correspondence 
rUcr ® ?7UtUct — >• (— l)l ff l +1 T ® 77UT induces gi. Similarly, T* ; *(L/M) is generated by all tensor product 
of chain simplexes ct'UtU[w] <g> ^U?7Uct'UtU[u] such that £ G link^cr' and ry G linker. So the correspon- 
dence ct'UtU[v] O ^Ur/UCT'UTU[u] (-1)(I?I+ 1 )M+(M+ 1 )I CT 'I (ct'^Uct') <g> (-ng^Ur) induces g 2 . In another 
way, £»i(Mo-ut) = (-1)' ct ' +1 Mt for all chain simplex 77 G link^o-Llr = linker and £>2([£Uj7]{„} U(J < Ut ) = 
(-l)(l«l+ 1 )M+(M+ 1 )k'l[£] CT , ( g)[7 ? ] r for all £Ur/ G link L {w}Ucr'UT = link 9ff cr' * linker. Since LH*^(da) = Z 
represented by X)™=o[ < ^]°~i ( see Example 7), the correspondence 

W<tUt — > ^2i = o[ x }{v}UcriUT 

for all x G -ff*(linksr; G) and r G B induces a double complex homomorphism 072: (L^^LT/M; G), <9i) — > 
(L^^^L/M; G),d\) that induces a reduced L-homology isomorphism. 

Since there are graded group isomorphism L*^(K;G) = L*^(K\m;G)(BL*^(K/M;G) and L*^(L;G) = 
L*,*(L\m; G)(BL*,*(L/M; G), we have a graded group homomorphism w — vd\®wi : L*^(K; G) — > L*^(L; G). 
By the previous conclusion, d\vj{z) — rudi(z) for all z G L„^(K\m\ G). Notice that L*^{K/M; G) is generated 
by element of the form [x] ctUt with x G -ff*(link^CTUr; G) =_ff*(linksT; G). Suppose r = {toi, • • •, w m }- Then 

ain7([x] CTUT ) 
= 9i(Ei [x][„] U(TiUT ) 

= E 2 [a;U[w]] CTiU r + Si<j [xU([ui]+[vj])]{„ }U(TijUT + S iife [iUK]]{„ }U[ , iU(T _ {Kt( ) 

= Ei [xUH] CTlU r + [x^[w k ]]{v}\JaMr-{w k }) 

= n7ai([x] CTUT ) 

where a itj = {v , ■ ■ ■, v h ■ ■ ■, Vj, ■ ■ ■, v n } and £ 4<J [xU({^}+{^})] { „ }U(r . jUt = E l (- 1 ) |a:|+1 ['5(2 ; )]{t-}u ( T I , 3 ur = 
0. Thus, = rudi and we have the following commutative diagram of short exact sequences of double 
complexes 

-> Z^,(i^| Af ;G) -> G) -)• L^(K/M;G) -)• 

■H7l ^ 4- ro 2 4- 

-> Z^»(i| M ;G) L,,.(L;G) -»• L,,,(L/M;G) -»• 

that induces a commutative diagram of long exact sequences of reduced L-homology 

■••-»■ L# s , t (K| M ;G) -> LH Syt (K; G) -»• LH s , t (K/M;G) -»• L# s _ lit (JC| M ; G) -> • • • 

■••-»■ L# M (L| M ;G) -»• LH^t(L-G) -> LH s j(L/M; G) -> L# s _ lit (L| M ; G) 

Since tuj and tu^ are isomorphisms, tn* : LH* t *(K; G) — > LH*^(L; G) is an isomorphism. 

Let be as in the proof of Theorem 4. Then E/_i,,(A';G) = H*(K;G) = H*(L;G) = U-i t *(L;G), so 
the reduced L-homology isomorphism from K to L induces L-homology isomorphism. 
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By Theorem 10, the disk D m and D n are not homeomorphic if to ^ n, since their (reduced) L-homology 
are different. 

Theorem 11 For two polyhcdra A and Y and Abcllian group G, 

M,,,(Iuy ; G) = LH Jt .*(X:G)®LH*^{Y;G), 
LH* t *(XVY;G) = LH* it ,(X;G)®LH* t *(Y;G), 

where U and V are respectively the disjoint union and one point union of topological spaces and © is defined 
by LH_ h0 (XVY;G) = G®LH_ h0 (X;G)®LH_ h0 (Y;G) and LH a , t (X VY; G) = LH s , t (X; G) © LH a , t (Y; G) 
otherwise. 

Proof Since for any triangulation K of X and L of y, we have by Theorem 4 
{T^(KuL;G),d) = {T^{K-,G),d)®{T^(L-,G),d), 
(L*^(K V L; G), d\) = (L t ,*(K; G), di)®(L* t *(L; G), 9i), 

the theorem holds. 

Theorem 12 For two polyhedra X and Y and a field F, 

LH.,,4X*Y;F) = LH* t *(X; F) § LH* t *(Y; F), 
LH ttt (XxY;W) = LH^{X; F) LH^{Y; F), 

where (g> is defined by LH S}t (X*Y) — (B S '+s"=s-i. t'+t"=t-iLH s r, t ' {X)®LH s n t ,, (Y). The cone satisfies that 
for all Abcllian group G, LH s+ltt+1 (CX; G) = LH s<t (X; G) for all s,t > and LH U , V (CX; G) = if u < 1 or 
u < 1. 

Proof For any two simplicial complexes K and L, (T*^(K * L),d) = (T*^(K), 9)®(T* ; *(L), d). For any 
two simplexes a £ K and t £ L, linkx*L<?'LlT = link^cr * linker. So the union case holds by Theorem 4 and 
Kiinncth Theorem. If K — {<fi, {v}}, the cone case holds for all Abellian group G by definition. 

The Cartesian product case KxL is complicated and we only give a sketch of the proof. Suppose the 
ordered vertex sets of K and L are respectively S = {vi, ■ ■ ■ ,v m } and T = {w\, ■ ■ ■ ,w n }. Denote 0SxT = 
SxT U {<fi}. Define relation -< on 0SxT as follows. (vi,Wj) -< (vk,wi) if i < k and j ^ I and ^ (k, I). 
4> -< (vi,Wj) and (vi,Wj) -< cj) for all (vi,Wj). For b\,b 2 £0SxT with &i = (vi,Wj) and 6 2 = (vk,wi) = if 
b\ = <j> and fc, / = m+n+l if b2 = 4>), 

B(b 1 ,b 2 ) = {£,£KxL \ £ = {<p}, or £ = {ci, • • •, c„} such that &i -<c\ -< <c n ^b 2 }, 

(61,62) = { ct G A I cr = {0}, or a~{v il Vi s } such that i <i\ <■■■ <i s < k}, 

B L (h,b 2 ) = { t £ L t = {4>}, or r = {v jl , ■■ -,v jt }such that j<h <" -<jt <l}- 

Then their geometrical realizations satisfy 

|-B(6i,6 2 )| - \BK{bi,b 2 ))\ A \B L (bi,b 2 )\ ifoneof 61 and 6 2 is </>, 
|B(6 1 ,6 2 )| = \B K (h,b 2 ))\ % \B L (b u b 2 )\ if b l7 b 2 ^cf> and i < fc, j < Z, 
\B(b u b 2 )\ = \B K (b 1 ,b 2 ))\Xb 1 ,b 2 ^<f>™di<k,j = l, 
\B(b u b 2 )\ S |B£ (61,62))! if 61,62^ and i = k,j<l, 

where 

XaF = (CXxYl)XxCY)/~ with ((1, x), y) ~ (x, (1, y)) for all (x, y) G Ax Y~, 
A^F = (CI/\yulACF)/~ with(l,x) a y~ x A (1, j/) for all x Ay el a Y, 
and CA = IxX/{0}xI, CY = 7xY/{0}xY. From the Mayer- Vietorus sequence we have that 

H*(B(b u b 2 );¥) = S 2 ff*(B K (6i,6 2 );F) ® H* {B L (b 1} b 2 );¥) if 61, 6 2 ^ </> and « < fc, j < /, 
H*(B(b u b 2 );¥) = S #*(Bx(6i,6 2 );F)®#*(£ L (6i,6 2 );F) otherwise, 

where £ means uplifting the degree by 1. 

For a non-empty simplex £ = {60, • • •, 6„} G KxL such that 60 -< <6„, 

linkifxL^ = 6 ) * B(bo, 61) * • • • * S(6„_i, 6„) * S(6 n , 0). 
Define P(^) = (er, r) G ifxl to be such that f Cctxt and £ £; ct'xt, ^ £\ gxt' for all proper faces a' of cr and 
t' of t. Then we have 

H*(\mk K xL^ F) = El ff l+l T l-l«l +1 i7 *(link K cr; F) ® iJ *(link L r; F) 
and a direct checking shows that the homomorphism ^f* with = ^— {6i} is an isomorphism if P(^) = P{£)- 
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Thus, by Theorem 4, there is a double complex isomorphism 

(L^(KxL;¥),dt) = (® PK)=((T , r)! ^ Sl CT l+l-l-lfl+ 1 ff*(link x a; F)®ff* (linker; F), 
Give the right side double complex a filtration {E n } as follows. For [x],e such that P(£) = (c, t), define 
||[x]f || = |<t|+|t| and E n to be the subgroup generated by all [ac]g such that ||[x]g|| < n. Then we get a spectral 
sequence (E r st u ,d r ) from the filtration converging to LH* t *(K xL;¥) such that 

Since H*(C r (aXT)/C r (d(<jXT)); F) = F with generator class represented by £p(£)=(<r,T),|f|=|<r|+|T|[£] (the ver- 
tex of the chain complex [£] is in order), we have 

<fe) = (©PK)=(a,T),|e|=kl+|r|,e^[^*( li nkjf o"; F)<g>#* (linker; F)]|, da). 
So the correspondence [x]o.(g>[y] r — > Sp(j) = ( . iT )ij| = | .| + | T |[x(8)j/]j forallx G i?*(link^cr; F) and y e i/*(link£r; F) 
is an isomorphism from {L^(K; F), d^L^l; F), <9i) to (P 2 d 2 ). So ^ = LH^{K; W)®LH* : *(L; F). 
But the spectral sequence collapse from r 3. The theorem holds. 
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